Introduction
The first aim of this paper is to give arithmetic applications of Deligne's finiteness theorem for monodromy representations. For instance, we prove the following arithmetic finiteness statement. Theorem 1.1. Let d ≥ 3 be an integer and let n ≥ 2. Assume that, for every number field K and every finite set of finite places S of K, the set of O K,S -isomorphism classes of smooth hypersurfaces of degree d in P n+1 O K,S is finite. Then, for every Z-finitely generated normal integral domain A of characteristic zero, the set of A-isomorphism classes of smooth hypersurfaces of degree d in P n+1 A is finite.
Note that Theorem 1.1 says that the Shafarevich conjecture for smooth hypersurfaces over number fields implies the analogous conjecture for smooth hypersurfaces over all finitely generated fields of characteristic zero; we refer the reader to [JL17a, JL18, JLM] for related results on this conjecture.
The main tool in establishing Theorem 1.1 is a criterion for the persistence of arithmetic hyperbolicity along field extensions proven in [Javb] . Lang introduced the notion of arithmetic hyperbolicity over Q (sometimes also referred to as Mordellicity) to appropriately formalize the property of "having only finitely many rational points". The precise definition as given in [Java, Javb, JL] reads as follows. Definition 1.2 (Arithmetic hyperbolicity). Let k be an algebraically closed field of characteristic zero. A finite type separated scheme X over k is arithmetically hyperbolic over k if there is a Z-finitely generated subring A ⊂ k, a finite type separated A-scheme X and an isomorphism of schemes X k ∼ = X over k such that, for all Z-finitely generated subrings A ′ ⊂ k containing A, the set X (A ′ ) of A ′ -points on X is finite.
For example, by Faltings's finiteness theorem [Fal84] , a smooth quasi-projective connected curve X over k is arithmetically hyperbolic over k if and only if X is not isomorphic to P 1 k , A 1 k , A 1 k \ {0}, nor a smooth proper connected genus one curve over k. Faltings also proved that a closed subvariety X of an abelian variety A over k is arithmetically hyperbolic over k if and only if X does not contain the translate of a positive-dimensional abelian subvariety of A; see [Fal94] . The notion of arithmetic hyperbolicity is further studied in [Aut09, Aut11, JL, Javb, Voj15], and also [BS17, CLZ09, DR15, Fal83b, Fal84, Lev09, Mor95, Ull04, Voj11, Voj96, Voj99, Voj86, Voj87, Voj89].
To prove Theorem 1.1, we reformulate the statement in terms of the arithmetic hyperbolicity of the moduli space of smooth hypersurfaces, and use properties of the moduli space (instead of trying to argue directly with the objects that it parametrizes). Namely, the assumption in Theorem 1.1 can be formulated as saying that the (appropriate) moduli space of hypersurfaces is arithmetically hyperbolic over Q and the conclusion of our theorem is then that this moduli space is also arithmetically hyperbolic over larger fields.
1.1. Finiteness results. This being said, we are naturally led to investigate the persistence of arithmetic hyperbolicity of a variety (such as the aforementioned moduli space) over k along field extensions. To explain what this means more concretely, let X be an affine variety over Q. Choose integers n ≥ 1 and m ≥ 1, a number field K, a finite set of finite places S of K, polynomials f 1 , . . . , f n ∈ O K,S [x 1 , . . . , x m ], and an isomorphism X ∼ = Spec(Q[x 1 , . . . , x m ]/(f 1 , . . . , f n )). over Q. Define X = Spec (O K,S [x 1 , . . . , x m ]/(f 1 , . . . , f n )) and note that X is a model for X over O K,S . Now, the affine variety X is arithmetically hyperbolic over Q if and only if, for every number field L/K and every finite set of finite places of T of L containing the places of L lying over S, the set X (O L,T ) = {(a 1 , . . . , a m ) ∈ O m L,T | f 1 (a 1 , . . . , a m ) = . . . = f n (a 1 , . . . , a m ) = 0} is finite. On the other hand, to say that, for every algebraically closed field of characteristic zero, the affine variety X k over k is arithmetically hyperbolic over k is equivalent to saying that, for every Z-finitely generated normal integral domain A of characteristic zero, the set X (A) = {(a 1 , . . . , a m ) ∈ A m | f 1 (a 1 , . . . , a m ) = . . . = f n (a 1 , . . . , a m ) = 0} is finite. We stress that it is in general not clear at all how the latter stronger finiteness statement in which one considers finitely generated algebras follows from the former finiteness of solutions with coordinates in a fixed number ring. Let us now explain our proof of Theorem 1.1. Let Hilb d,n be the Hilbert scheme of smooth hypersurfaces of degree d in P n+1 . This is a smooth affine geometrically connected scheme over Z given by the complement of the discriminant divisor in P(H 0 (P n+1 Z , O(d))). There is a natural action of the automorphism group scheme PGL n+2 of P n+1 Z on Hilb d,n and we let C d;n = [Hilb d,n /PGL n+2 ] be the associated quotient stack; we refer to C d;n as the stack of smooth hypersurfaces of degree d in P n+1 over Z. We let C d;n,Q = C d;n × Z Spec Q be its generic fibre over Q, and note that this notation is consistent with the notation of [Ben13, Ben14, JL17a, JL17b] . Let U d;n be a smooth affine scheme over Q and let U d;n → C d;n,Q be a finiteétale morphism; such a finiteétale cover exists by [JL17b] . To prove Theorem 1.1, we establish the following result. Theorem 1.3. If U d;n,Q is arithmetically hyperbolic over Q and Q ⊂ k is an algebraically closed field, then U d;n,k is arithmetically hyperbolic over k.
In summary, Theorem 1.3 says (roughly speaking) that the finiteness of O K,S -points on U d;n implies the finiteness of A-points for every Z-finitely generated normal integral domain A of characteristic zero.
It is not hard to deduce Theorem 1.1 from Theorem 1.3. Indeed, we will deduce Theorem 1.1 from Theorem 1.3 by applying the stacky Chevalley-Weil theorem established in [JL] to the finité etale morphism U d;n,k → C d;n,k of stacks.
To prove Theorem 1.3 (and thus Theorem 1.1), we will use that the complex affine variety U C admits a quasi-finite (complex-analytic) period map; this itself is a consequence of Griffiths's infinitesimal Torelli theorem for smooth hypersurfaces. Thus, all in all, to study the moduli space of smooth hypersurfaces, we exploit properties of its natural complex-analytic period map as defined by Griffiths; see [Gri68, Gri69, GS69, Gri70] .
A period domain (usually denoted by D) is a classifying space for polarized Hodge structures of some fixed type. We say that a variety X over k admits a quasi-finite complex period map (up to conjugation) if there exists a subfield k 0 ⊂ k, an embedding k 0 → C, a variety X 0 over k 0 , an isomorphism of k-schemes X 0,k ∼ = X, a period domain D, a discrete arithmetic subgroup Γ of Aut(D), and a horizontal locally liftable holomorphic map X an 0,C → Γ\D with finite fibres. We will follow [Sch73] and recall some basics of the theory in Section 4. Theorem 1.4. Let k ⊂ L be an extension of algebraically closed fields of characteristic zero. Let X be a variety over k such that X admits a quasi-finite complex period map. Then X is arithmetically hyperbolic over k if and only if X L is arithmetically hyperbolic over L.
We note that Lang-Vojta's conjecture on integral points of varieties (see [Java] or [Voj86, Conj. 4 .3]) implies that a variety X over Q which admits a quasi-finite complex period map is in fact arithmetically hyperbolic over Q, as all its subvarieties are of log-general type by a theorem of Kang Zuo [Zuo00] (see also [Bru18] ). Theorem 1.4 can be applied to curves of genus at least two, as such curves admit a quasi-finite period map up to a finiteétale cover [MD85b] . However, in this case, Faltings already remarked that the statement follows from Grauert-Manin's finiteness theorem (formerly the function field analogue of Mordell's conjecture); see [Fal84, §VI.4, p.215] . Similarly, if g > 0 is an integer and X is the moduli space of principally polarized abelian varieties of dimension g over Q with level 3 structure, then Faltings showed that X k is arithmetically hyperbolic over k by "re-doing" part of his proof that X is arithmetically hyperbolic over Q; the fact that X is arithmetically hyperbolic over Q is precisely Shafarevich's arithmetic finiteness conjecture for principally polarized abelian schemes over regular Z-finitely generated subrings of Q. Around the same time, in Szpiro's seminar [Szp85] , Martin-Deschamps gave a different proof of the arithmetic hyperbolicity of X k by using a specialization argument on the moduli stack of principally polarized abelian schemes; see [MD85a] . We stress that our proof of Theorem 1.4 is very close to Martin-Deschamps's line of reasoning. Indeed, Martin-Deschamps' proof crucially relies on Faltings's function field analogue of the Shafarevich conjecture for abelian varieties [Fal83a] and Grothendieck's theorem on monodromy representations of abelian schemes [Gro66] . In our proof of Theorem 1.4, we replace these results of Faltings and Grothendieck by foundational results of Deligne, Griffiths, and Schmid in Hodge theory.
In fact, our proof of Theorem 1.4 crucially relies on the following consequence of Deligne's finiteness theorem for monodromy representations [Del87] and Deligne-Schmid's proof of the Theorem of the Fixed Part [Sch73] . Theorem 1.5 (Deligne, Schmid). Let X be a variety over k which admits a quasi-finite period map (up to conjugation). Then, for every variety Y over k, every y in Y (k), and every x in X(k), the set of morphisms f : Y → X with f (y) = x is finite.
We give further applications of our results to locally symmetric varieties, Shimura varieties, and the moduli stack of smooth complete intersections in projective space. We also investigate the nondensity of integral points on the Hilbert scheme Hilb d,n . Furthermore, we indicate how to prove similar statements for complete subvarieties of the moduli stack of canonically polarized varieties (see Example 2.13).
1.2. Non-density results. The finiteness of integral points on a variety is conjecturally closely related to its subvarieties being of log-general type. However, as the Hilbert scheme of smooth hypersurfaces has subvarieties which are not of log-general type, it is not reasonable to expect finiteness of integral points on this moduli space (and it is not hard to see that the Hilbert scheme Hilb d,n has infinitely many Z[1/d]-points). Nonetheless, it follows from [JL17b] that there is a finiteétale cover H ′ → Hilb d,n such that H ′ dominates a positive-dimensional variety of log-general type. Therefore, the integral points of Hilb d,n should not be dense (even though they can be infinite). This expectation was investigated by Lawrence-Venkatesh [LV] for large enough d and n. The current state-of-the-art can be stated as follows (see [ Motivated by Lawrence-Venkatesh's recent breakthrough, we use arguments similar to those used to prove Theorem 1.4 to also show that the non-density of integral points on the Hilbert scheme Hilb d,n valued in a number field persists to non-density over finitely generated fields. Theorem 1.7. Let d ≥ 3 be an integer and let n ≥ 2 be an integer. Suppose that, for every number field K and every finite set of finite places S of K, the set Hilb d,n (O K,S ) is not dense in Hilb d,n . Then, for every Z-finitely generated regular integral domain of characteristic zero A, we have that
To prove Theorem 1.7 we will require more tools from Hodge theory. Namely, we will need a bound on the "degree" of a morphism from a curve to the moduli space of smooth hypersurfaces. Such a bound is provided by Arakelov's inequality for variations of Hodge structures due (in part) to Arakelov-Parshin, Deligne, Faltings, Peters, Jost-Zuo, and many others (see Section 3 and Section 4 for details). Finally, we must "transport" the non-density of integral points on the Hilbert scheme to the stack; to do so we use a well-known finiteness theorem of Borel-Serre on torsors (see Lemma 7.3).
We prove Theorem 1.7 using a more general criterion (Theorem 3.7), and deduce as a consequence of Theorem 3.7 the following variant of Theorem 1.4 for non-density. Theorem 1.8. Let A ⊂ k be a finitely generated subring and let X be a finite type A-scheme such that X k is a quasi-projective variety over k which admits a quasi-finite complex-analytic period map. Then the following statements are equivalent.
(1) For every finitely generated subring A ′ ⊂ k containing A, the set X (A ′ ) is not Zariski-dense in X (k). (2) For every finitely generated integral domain B containing A, the set X (B) is not Zariskidense in X (Frac(B)) (where Frac(B) is a choice of algebraic closure of Frac(B)).
By the work of Viehweg and Viehweg-Zuo [Vie09, VZ03] (see also [MVZ06, VZ01, VZ06] ), our general criterion (Theorem 3.7) can also be applied to complete subvarieties of the stack of canonically polarized varieties, as we gradually explain in Examples 2.3, 2.13, 3.5, and 3.8. Furthermore, the general criterion (Theorem 3.7) has applications to integral points on complements of large divisors in projective varieties; these applications are worked out in [AJL] (see Remark 3.10).
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Conventions. We let k be an algebraically closed field of characteristic zero. A variety over k is a finite type separated scheme over k. If X is a variety over k and A ⊂ k is a subring, then a model for X over A is a pair (X , φ) with X a finite type separated scheme over A and φ : X k → X an isomorphism of schemes over k. We will usually omit φ from our notation and simply refer to X as a model for X over A.
If K is a number field and S is a finite set of finite places of K, we let O K,S be the ring of S-integers of K.
If k ⊂ L is a field extension and X is a variety over k,
Arithmetic hyperbolicity and geometric hyperbolicity
To prove Theorems 1.1, 1.3 and 1.4 on the arithmetic hyperbolicity of certain varieties (as defined in Definition 1.2), we will use a geometric criterion for the persistence of arithmetic hyperbolicity of a variety along field extensions proven in [Javb] . To state this criterion, we introduce the notion of geometric hyperbolicity. We view this property as a "function field" analogue of arithmetic hyperbolicity.
Definition 2.1. A finite type separated algebraic space X over k is geometrically hyperbolic over k if, for every smooth integral curve C over k, every c in C(k), and every x in X(k), the set Hom k ((C, c), (X, x)) of morphisms of k-schemes f : C → X with f (c) = x is finite.
More generally, a finite type separated Deligne-Mumford algebraic stack X over k is geometrically hyperbolic if, for every smooth integral curve C over k, every c in C(k), and every x in (the groupoid) X(k), the set Hom k ((C, c), (X, x)) of isomorphism classes of morphisms f : C → X with f (c) = x is finite. (Here f (c) = x means that f (c) and x are isomorphic in X(k).) Example 2.2 (Urata's theorem). A proper algebraic space X over C which is Brody hyperbolic (i.e., has no entire curves) is geometrically hyperbolic. Indeed, as X an is a compact complex-analytic space with no entire curves, it follows from Brody's theorem that X an is Kobayashi hyperbolic (as defined in [Kob98] ). Therefore, as X an is a compact Kobayashi hyperbolic complex-analytic space, we conclude that X is geometrically hyperbolic from Urata's theorem [Kob98, Theorem 5.3.10] (or the original [Ura79] ). (Note that Urata's theorem has been extended to the logarithmic case in [AJL] .) Example 2.3 (Canonically polarized varieties, I). Let M be the locally finite type separated Deligne-Mumford algebraic stack of smooth proper canonically polarized varieties over Q. That is, for a scheme S over Q, the objects of M(S) are smooth proper morphisms X → S whose geometric fibres are connected and have ample canonical bundle. (For example, for every g ≥ 2, the stack of smooth proper genus g curves M g is an open and closed substack of M. In fact, M is the disjoint union of the stacks M h , where h runs over all polynomials in Q[t] and M h is the substack of smooth proper canonically polarized varieties with Hilbert polynomial h.) Let X be a quasiprojective scheme over C such that there exists a quasi-finite morphism X → M C . (In other words, there is a smooth proper morphism f : Y → X whose geometric fibres are canonically polarized varieties such that, for every x in X(C), the set of y in Y (C) with Y x ∼ = Y y is finite. In particular, the family f : Y → X of canonically polarized varieties has "maximal variation in moduli".) Then, it follows from Viehweg-Zuo's theorem (see [VZ03] ) that X is Brody hyperbolic. In particular, if X is projective, then Urata's theorem (Example 2.2) implies that X is geometrically hyperbolic over C. (It seems reasonable to suspect that the assumption that X is projective is unnecessary. That is, if X is quasi-projective over C and admits a quasi-finite morphism X → M C , then X should be geometrically hyperbolic.)
We will prove the geometric hyperbolicity of some (not necessarily proper) varieties over C by appealing to their complex-analytic properties. The following lemma will then be applied to deduce the geometric hyperbolicity of these varieties over every algebraically closed field of characteristic zero.
Lemma 2.4. Let k ⊂ L be an extension of algebraically closed fields of characteristic zero. If k is uncountable and X is a finite type separated geometrically hyperbolic Deligne-Mumford algebraic stack over k, then X L is geometrically hyperbolic over L.
Proof. Assume that X L is not geometrically hyperbolic over L. We show that X is not geometrically hyperbolic over k. To do so, let C be smooth affine connected curve over L, let c ∈ C(L), and let x ∈ X(L) be such that the set Hom
. Let S be an integral variety over k and let (C, P ) be a model for (C, c) over S. That is, the morphism C → S is a smooth affine geometrically connected morphism of relative dimension one and P ∈ C(S) is a section such that there is a (fixed) isomorphism C L ∼ = C and P L = c. We now recursively descend every f i : C → X to some "étale neighbourhood" of S (using for instance [Ryd15, Appendix B]). Thus, let A 1 ⊂ L be a finitely generated k-algebra with S 1 = Spec A 1 , let S 1 → S be anétale morphism and let
. Now, we construct integral affine varieties S 2 , S 3 , . . . over k recursively, as follows. Assume S i−1 has been constructed. Then, for every i = 2, 3, . . ., we choose a finitely generated k-algebra A i ⊂ L with S i = Spec A i , anétale morphism S i → S i−1 and a morphism
and F i,L = f i such that, for every 1 ≤ j < i, every s in S j (k) and every s ′ in S i (k) lying over s, the morphism F i,s ′ does not equal F j,s . Let Z i be the (non-empty and open) image of S i → S. Since k is uncountable and every Z i is a non-empty open of S, there is an
we see that X is not geometrically hyperbolic over k, as required.
Remark 2.5 (From pointed curves to pointed varieties). The notion of geometric hyperbolicity is studied in more generality in [JX] building on [JK] (see also [BJK, Java] ). For example, let k be an uncountable algebraically closed field of characteristic zero, and let X be a finite type separated Deligne-Mumford algebraic stack over k. Then, for every reduced variety Y over k, every y in Y (k), and every x in X(k), the set Hom k ((Y, y), (X, x)) of morphisms f : Y → X with f (y) = x is finite. This is shown in [JX] when X is a scheme. We include the (same) argument here for the sake of completeness in the more general context of stacks. Suppose that f 1 , f 2 , . . . are pairwise distinct morphisms from Y to X which map y to x. Let Y i,j ⊂ Y be the closed subset of points P such that f i (P ) = f j (P ). Let w be a point of Y (k) such that, for every i = j, the point w does not lie in Y i,j . (Such a point exists as k is uncountable and Y i,j = Y whenever i = j.) Let C ⊂ Y be a smooth curve containing w and y. Then the morphisms f 1 | C , f 2 | C , . . . are pairwise distinct morphisms from C to X and send y to x. This shows that X is not geometrically hyperbolic, as required.
Remark 2.6 (The relation to boundedness). By definition, a projective scheme X over k is (1, 1)-bounded over k if, for every smooth projective connected curve C over k, every c in C(k), and every x in X(k), the scheme Hom k ((C, c), (X, x)) parametrizing morphisms f : C → X with f (c) = x is of finite type over k; see [JK, Definition 4 .2]. We note that a projective scheme over k is (1, 1)-bounded over k if and only if it is geometrically hyperbolic over k; this follows from [JK, Lemma 4.6]. Further properties of (1, 1)-bounded projective schemes are proven in [BJK] and [JK] . For example, if k ⊂ L is an extension of algebraically closed fields of characteristic zero and X is a projective (1, 1)-bounded scheme over k, then X L is (1, 1)-bounded over L.
Remark 2.7 (Descending along coverings). Let X → Y be a finiteétale morphism of finite type separated Deligne-Mumford algebraic stacks over k. Then X is geometrically hyperbolic over k if and only if Y is geometrically hyperbolic over k. This is proven when X and Y are projective in [JK, §5] , and the arguments in loc. cit. can be adapted to prove the more general statement.
The interaction between geometric hyperbolicity and arithmetic hyperbolicity will become clear in Proposition 2.11 and Corollary 2.12. To state and prove these results, we recall the notion of a mildly bounded variety over k introduced in [Javb, Section 4].
Definition 2.8 (Mildly bounded). A variety X over k is mildly bounded over k if, for every smooth quasi-projective curve C over k, there exists an integer m ≥ 1 and points c 1 , . . . , c m ∈ C(k) such that, for every x 1 , . . . , x m ∈ X(k), the set
Our starting point is the following result proven in [Javb, Section 4.1].
Lemma 2.9. Let k ⊂ L be an extension of algebraically closed fields of characteristic zero. Let X be an arithmetically hyperbolic variety over k. Suppose that, for every algebraically closed subfield
Proof. This is [Javb, Theorem 4.4].
Remark 2.10. The notion of mild boundedness is strictly weaker than any notion of hyperbolicity. In fact, by [BJK] , every semi-abelian variety over k is mildly bounded. This means that mildly bounded varieties are not necessarily hyperbolic (nor even of general type). This is to be contrasted with Lang-Vojta's conjecture which says that a projective variety over k is geometrically hyperbolic over k if and only if it is arithmetically hyperbolic over k; see [Java] for a detailed survey of the Lang-Vojta conjectures.
We now record the following consequence of Lemma 2.9 which provides the first relation between arithmetic hyperbolicity and geometric hyperbolicity.
Proposition 2.11. Let k ⊂ L be an extension of algebraically closed fields of characteristic zero. Let X be an arithmetically hyperbolic variety over k. Suppose that X ⊗ k L is geometrically hyperbolic over L. Then, the finite type scheme X ⊗ k L is arithmetically hyperbolic over L.
Proof. Since X ⊗ k L is geometrically hyperbolic over L, it is clear that, for every algebraically closed subfield k ⊂ K ⊂ L, the finite type scheme X ⊗ k K is geometrically hyperbolic over K, and thus mildly bounded over K. Therefore, the proposition follows from Lemma 2.9.
The following corollary will serve as our criterion for showing the persistence of arithmetic hyperbolicity. Indeed, we will apply this corollary with "L = C".
Corollary 2.12. Let k ⊂ L be an extension of algebraically closed fields of characteristic zero with L uncountable. Let X be an arithmetically hyperbolic variety over k such that X ⊗ k L is geometrically hyperbolic over L. Then, for any extension of algebraically closed fields k ⊂ K, the finite type scheme X ⊗ k K is arithmetically hyperbolic over K.
Proof. Let L ⊂ M be an extension of algebraically closed fields such that M also contains K. Then, by Lemma 2.4 and the fact that L is uncountable, we have that X ⊗ k M is geometrically hyperbolic over M . In particular, it follows that X ⊗ k K is geometrically hyperbolic over K, so that the result follows from Proposition 2.11.
Example 2.13 (Canonically polarized varieties, II). Let k ⊂ L be an extension of algebraically closed fields of characteristic zero. As in Example 2.3, let M be the stack of smooth proper canonically polarized varieties over Q. Let X be a projective scheme over k, and assume that there exists a (quasi-)finite morphism X → M k . Then we claim that X is arithmetically hyperbolic over k if and only if X L is arithmetically hyperbolic over L. Indeed, to prove this, we may and do assume that L is uncountable. Now, first note that it follows from Example 2.3 that X L = X ⊗ k L is geometrically hyperbolic, as X is projective and admits a finite morphism to M k . Then, the claim follows from Corollary 2.12. (As in Example 2.3, here it also seems reasonable to suspect that the assumption that X is projective can be replaced by X being quasi-projective.)
We now prove that arithmetic hyperbolicity is stable under generization (under suitable boundedness conditions). The precise statement reads as follows. (We will not use this result in the rest of this paper.) Theorem 2.14 (Generizing criterion). Let S be an integral variety over k with function field K(S), and let X → S be a morphism of varieties such that X is arithmetically hyperbolic over k. Suppose that there is an uncountable algebraically closed field extension k ⊂ L such that X ⊗ k L is geometrically hyperbolic over L. Then X ⊗ k K(S) is arithmetically hyperbolic over K(S), and X ⊗ S K(S) is arithmetically hyperbolic over K(S).
Proof. As X ⊗ k L is geometrically hyperbolic over L and L is uncountable, the variety X ⊗ k K(S) is arithmetically hyperbolic over K(S) (by Corollary 2.12). In particular, since X ⊗ S K(S) is a closed subscheme of X ⊗ k K(S), we conclude that X ⊗ S K(S) is also arithmetically hyperbolic over K(S).
Weakly bounded varieties and persistence of non-density
To prove Theorem 1.1 on the arithmetic hyperbolicity of the moduli of smooth hypersurfaces, we will use the geometric hyperbolicity of the moduli stack of smooth hypersurfaces. However, to prove Theorem 1.7 (which is concerned with the non-density of integral points on a certain Hilbert scheme), we will require an additional property of the moduli space. Namely, we will need that it is "weakly bounded". Here we follow the terminology of Kovács-Lieblich; see [KL11] . To be precise, we use the notion of "weak boundedness" to give a criterion for extending results on non-density of integral points valued in number fields to non-density of integral points valued in finitely generated fields (see Theorem 3.7).
Definition 3.1 (Kovács-Lieblich). Let X be a projective scheme over k, let L be an ample line bundle on X, and let X ⊂ X be a dense open subscheme. We say that X is weakly bounded over k in X with respect to L if, for every integer g ≥ 0, and every d ≥ 0, there is a real number α(X, X, L, g, d) such that, for every smooth projective connected curve C over k of genus g and every dense open subscheme C ⊂ C with #(C \ C) = d and every morphism f : C → X, the following inequality
holds.
We will make use of the following basic proposition.
Proposition 3.2. Let X be a projective variety over k, let L be an ample line bundle on X, and let X ⊂ X be a dense open subscheme. Let C be a smooth projective curve and let C ⊂ C be a dense open subscheme. If X is weakly bounded over k in X with respect to L, then Hom k (C, X) is a quasi-compact constructible subset of Hom k (C, X)(k).
Proof. Let g be the genus of C and let d := #(C \ C). Let α := α(L, g, d) be the real number in Definition 3.4, and note that Hom k (C, X) is a subset of the scheme Hom ≤α k (C, X) parametrizing morphisms C → X of degree at most α (with respect to L).
Consider the natural morphisms of finite type schemes
. Let ∆ be the boundary of X in X. Let ∆ ′ := ev −1 ∆ be the (closed) inverse image of ∆ in the finite type k-scheme C × Hom ≤α k (C, X). Let Z := pr(∆ ′ ) be the image of ∆ ′ in Hom ≤α k (C, X), and note that Z is constructible [Sta15, Tag 054J]. As the complement of Z is a constructible subset of the finite type k-scheme Hom ≤α k (C, X) whose k-points equal Hom k (C, X), this shows that Hom k (C, X) is a finite union of locally closed subschemes of Hom ≤α k (C, X). Remark 3.3. In the statement of Proposition 3.2, it seems reasonable to suspect that Hom k (C, X) is in fact locally closed in Hom k (C, X)(k) (and not merely constructible). As we do not need this additional structure of Hom k (C, X) (in this paper), we will not discuss it any further. (However, provided k = C and X is "hyperbolically embedded in X", then it is shown in [AJL] that Hom C (C, X) is in fact a closed complete subvariety of Hom C (C, X)(C).) Definition 3.4. A quasi-projective scheme X over k is weakly bounded if there exists a projective scheme X over k, an ample line bundle L on X, and an open immersion X ⊂ X such that X is weakly bounded over k in X with respect to L.
Example 3.5 (Canonically polarized varieties, III). We continue with the notation of Examples 2.3 and 2.13 and let M be the stack of smooth proper canonically polarized varieties over Q. Let X be a quasi-projective scheme over k such that there is a quasi-finite morphism X → M k . By a theorem of Viehweg, the quasi-projective scheme X is weakly bounded over k; this is explained in [KL11] (see also [Vie09, MVZ06, VZ01, VZ06]).
Lemma 3.6. Let Z ⊂ A be a finitely generated integral domain of characteric zero and let X be a finite type scheme over A. Let k := Frac(A) be an algebraic closure of Frac(A). Let k ⊂ L be an extension of algebraically closed fields with L of transcendence degree one over k. Assume that X := X k is quasi-projective scheme over k. Assume the following two properties hold.
(1) The variety X is weakly bounded and geometrically hyperbolic over k.
(2) For every finitely generated subalgebra A ′ ⊂ k containing A, the set
is not dense in X. Then, for any finitely generated subring B ⊂ L containing A, the set X (B) is not dense in X(L).
Proof. (We partly follow the proof of [Javb, Lemma 4.2].) To prove the statement, let B ⊂ L be a finitely generated subring containing A and let K = Frac(B). We now show that X (B) is not dense in X L . Note that if K has transcendence degree zero over Frac(A), then it follows from (2) that X (B) is not dense. Therefore, to prove the lemma, we may and do assume that Frac(B) has transcendence degree one over Frac(A). Moreover, "shrinking" the "curve" C := Spec B over Spec A if necessary, we may and do assume that there is a section σ : Spec A → C and that C → Spec A is a smooth morphism.
To show the non-density of X (B) = X (C), we choose X over k and L on X as in the definition of weakly bounded (Definition 3.4). That is, we let X be a projective variety over k, we let L be an ample line bundle on X, and we let X ⊂ X be an open immersion such that X is weakly bounded over k in X with respect to L.
Define C := C k = C × A k and note that C is a smooth affine (possibly disconnected) curve over k. We let σ k be the k-rational point of C induced by the section σ : Spec A → C. Let C be the smooth projective model of C over k. Now, let ∆ := X (A) and note that ∆ ⊂ X is a proper closed subscheme. Let Z = Hom k (C, X) and note that this is a quasi-compact constructible subset of Hom k (C, X) (see Proposition 3.2). Note that the evaluation morphism Z → ∆ (which sends f to f (σ k )) has finite fibres by the geometric hyperbolicity of X L . Therefore, it follows that
This implies that the closure of X (C) in X is a proper closed subscheme of X, as required.
The following result provides a general criterion for proving the persistence of non-density of integral points on an algebraic variety. In fact, in Proposition 5.4 we verify that a variety with a quasi-finite period map verifies the first property necessary to apply this result.
Theorem 3.7. Let A be a finitely generated integral domain of characteric zero and let X be a finite type scheme over A. Let k := Frac(A) be an algebraic closure of Frac(A). Let k ⊂ L be an extension of algebraically closed fields with L uncountable. Let X := X k . Assume the following two properties hold.
(1) The variety X L is weakly bounded and geometrically hyperbolic over L.
is not dense in X.
Then, for any finitely generated subring B ⊂ L containing A, the set X (B) is not dense in X L .
Proof. Let K be the algebraic closure of Frac(B) in L, and note that K has finite transcendence degree over k. We proceed by induction on the transcendence degree d of K over k. If d = 0, then the required non-density statement holds by (2). Now, assume d > 0 and let K 0 ⊂ K be an algebraically closed subfield of transcendence degree d − 1 over k. Define Y := X K 0 . Now, as X L is weakly bounded and geometrically hyperbolic over L, we have that Y is weakly bounded and geometrically hyperbolic over K 0 . Moreover, write Y = X (for the sake of clarity) and note that, by the induction hypothesis, for every finitely generated subring A ′ ⊂ K 0 containing A, the set Y(A ′ ) is not dense in Y . Therefore, as K has transcendence degree one over K 0 , we conclude that X K = Y K satisfies the required non-density statement (Lemma 3.6). This concludes the proof.
Example 3.8 (Canonically polarized varieties, IV). We conclude our discussion on the moduli of canonically polarized varieties (see also Examples 2.3, 2.13, and 3.5). As before, let M be the stack of smooth proper canonically polarized varieties over Q. Let X be a projective scheme over k and let X → M be a (quasi-)finite morphism. Then, X is geometrically hyperbolic (Example 2.3) and weakly bounded over k (Example 3.5). Therefore, the following two statements are equivalent (by Theorem 3.7).
(1) For every Z-finitely generated subring A of k and every model X for X over A, the set X (A) is not dense in X. (2) For every Z-finitely generated integral domain B of characteristic zero and every model X for X over A, the set X (B) is not dense in X Frac(B) .
(The analogue of this example with "non-dense" replaced by "finite" is Example 2.13.) This concludes our discussion of integral points on projective varieties which admit a (quasi-)finite morphism to M. As a final remark, we stress that it seems reasonable to suspect that the assumption that X is projective is not necessary, and that it should suffice for X be quasi-projective for the above equivalence to hold.
Remark 3.9. The proof of Theorem 3.7 shows that the assumption that X is geometrically hyperbolic over L can be replaced by the much milder assumption that X K is mildly bounded over K for every algebraically closed subfield k ⊂ K ⊂ L of finite transcendence degree over k.
Remark 3.10 (Complements of hypersurfaces). Theorem 3.7 is applied in [AJL] to complements of hypersurfaces in projective space to obtain novel results on integral points on affine varieties.
Hodge theory
We set notation by recalling the definition of a period domain, following [Sch73, Section 3]. Let H be a finitely-generated free Z-module, k an integer, and {h p,k−p } a collection of non-negative integers with
LetF be the flag variety parametrizing decreasing, exhaustive, separated filtrations of
Let F ⊂F be the analytic open subset ofF parametrizing those filtrations corresponding to Z-Hodge structures of weight k, i.e. those filtrations with
for all p. Now suppose q is a non-degenerate bilinear form on H Q , symmetric if k is even and skewsymmetric if k is odd. Let D ⊂ F be the locally closed analytic subset of F consisting of filtrations corresponding to polarized Hodge structures (relative to the polarization q), i.e. the set of filtrations (F • ) in F with q C (F p , F k−p+1 ) = 0 for all p and q C (Cv,v) > 0 for all nonzero v ∈ H C , where C is the linear operator defined by
Let G = O(q) be the orthogonal group of q; it is a Q-algebraic group. We abuse notation to denote G Z = G(Q) ∩ GL(H). Let Γ ⊂ G Z be a subgroup. Let h be a point of the complex-analytic space Γ\D. Let X be an irreducible variety over k. A complex-analytic map to f : X → Γ\D is locally liftable if it locally factors through the quotient map D → Γ\D. If X is smooth and f is locally liftable, we say f is horizontal if for each x ∈ X and each tangent vector v in T x X, we have that for
, for each p. Here we regard the tangent space to D at a point d as an element of
Horizontality implies that the associated variation of Hodge structure satisfies Griffiths transversality. See [Sch73, Section 3] for details. If X is smooth, then we say that a holomorphic map X an → Γ\D is a period map if it is locally liftable and horizontal (i.e., satisfies Griffiths transversality). More generally, a holomorphic map X an → Γ\D is a period map if there is a desingularizationX → X such that the composed morphismX an → X an → Γ\D is a period map.
Proposition 4.1 (Rigidity Theorem). Let D, Γ, h, and X be as above. Let f : X an → Γ\D be a period map and let g : X an → Γ\D be a period map. Let x ∈ X an such that f (x) = g(x) = h. Assume that the monodromy representation f * : π 1 (X, x) → π 1 (Γ\D, h) of f is isomorphic to the monodromy representation g * : π 1 (X, x) → π 1 (Γ\D, h) of g. Then, we have that f = g.
Proof. This is the so-called rigidity theorem of Deligne-Griffiths-Schmid [Sch73, 7.24].
The following result is due to Arakelov-Parshin, Deligne, Faltings, Peters, and Jost-Zuo; see
Theorem 4.2 (Arakelov's inequality). Let D, Γ, and X be as above. Assume X is quasi-projective over C and let p : X an → Γ\D be a period map with finite fibres. Then X is weakly bounded over C (see Definition 3.4).
Proof. Let g : C → X be a map as in Definition 3.4. The map f • g classifies a variation of Hodge structure on C; let V p,k−p be the associated Hodge bundle, and let F p be the associated filtration.
By [Pet00, Theorem 3.1], we have that for each p deg V p,k−p is bounded in terms of only the genus of C and #(C \ C) (as well as invariants of the variation of Hodge structure on X, which is fixed), and hence the same is true of deg F p for each p, and hence for
But L is ample by [BBT18] .
5. Proof of Deligne-Schmid's theorem and Theorem 1.4
The geometric finiteness property we require in this paper to prove the persistence of arithmetic hyperbolicity for varieties with a quasi-finite period map is provided by the following finiteness theorem; see Definition 2.1 for the definition of geometric hyperbolicity. (Recall that k is an algebraically closed field of characteristic zero.)
Let k be a field and X a finite type separated algebraic space over k. We say that X admits (up to conjugation) a period map if there exists a subfield k 0 ⊂ k, an embedding k 0 → C, a variety X 0 over k 0 , an isomorphism of k-schemes X 0,k ∼ = X, and a period map f : X an 0,C → Γ\D for some Γ\D as above.
Theorem 5.1 (Deligne, Schmid). Let X be a finite type separated algebraic space over k which admits (up to conjugation) a quasi-finite complex-analytic period map. Then X is geometrically hyperbolic over k.
Proof. We may and do assume that k = C (by Lemma 2.4) and that X admits a period map X an → Γ\D with finite fibres.
We wish to show that for each c in C and x in X, the set Hom((C, c), (X, x)) of maps φ : C → X with φ(c) = x is finite. Replacing X by a conjugate if necessary, we may choose a quasi-finite period map f : X an → Γ\D (i.e. locally liftable, horizontal analytic map); such a map exists by assumption. The map
has finite fibers, because f is quasi-finite. Thus it is enough to show that there are finitely many locally liftable, horizontal analytic maps
We denote the set of such maps by
By Proposition 4.1 above, the map
has finite fibers, so it suffices to show that it has finite image. But this is precisely the finiteness theorem of Deligne [Del87] .
Remark 5.2. Suppose that X is a proper scheme over C and that X admits a quasi-finite period map. In this case (as X is proper), there is a different proof of Deligne-Schmid's theorem. Indeed, if X admits a quasi-finite period map, then X has no entire curves [GS69, Corollary 9.4]. Therefore, as X is also proper, it follows from Urata's theorem (Example 2.2) that X is geometrically hyperbolic.
Theorem 5.3. Let k ⊂ L be an extension of algebraically closed fields of characteristic zero. Let X be a finite type separated algebraic space over k which admits a quasi-finite period map. Then, for every variety Y over L, every y in Y (L), and every x in X(L), the set of morphisms f : Y → X L such that f (y) = x is finite.
Proof. We may and do assume that L is uncountable. In this case, by Remark 2.5, it suffices to show that X L is geometrically hyperbolic over L. However, it follows from Deligne-Schmid's theorem (Theorem 5.1) that X L is geometrically hyperbolic over L, as X L admits a quasi-finite complex-analytic period map.
Proof of Theorem 1.4. Let X be a variety over k which admits a quasi-finite complex period map. Let k ⊂ L be an extension of algebraically closed fields of characteristic zero. Assume that X is arithmetically hyperbolic over k. It suffices to show that X L is arithmetically hyperbolic over L. To do so, we may and do assume that L is uncountable. Since X admits a quasi-finite complex period map, we see that X L is geometrically hyperbolic over L (Theorem 5.3), so that the arithmetic hyperbolicity of X L follows from Corollary 2.12.
Proposition 5.4. Let X be a quasi-projective variety over k, and let k ⊂ L be an extension of algebraically closed fields. If X admits (up to conjugation) a quasi-finite complex-analytic period map over k, then X L is geometrically hyperbolic and weakly bounded over L.
Proof. We may and do assume that k = L. Since X admits a quasi-finite period map, it follows from Theorem 5.1 that X is geometrically hyperbolic over k. To show that X is weakly bounded over k, we may and do assume that k = C. The required statement then follows from Arakelov's inequality (Theorem 4.2).
Proof of Theorem 1.8. Combine Theorem 3.7 and Proposition 5.4.
Locally symmetric varieties and Shimura varieties
A (smooth connected) variety X over C is locally symmetric if there exists a bounded symmetric domain D, a torsionfree arithmetic subgroup of Aut(D) and an isomorphism of complex analytic spaces X an ∼ = Γ\D; note that D is biholomorphic to the universal cover of X an . By Baily-Borel's theorem, a locally symmetric variety is quasi-projective over C. We stress that, with our definition, the affine line A 1 C is not a locally symmetric variety as SL 2 (Z) is not torsionfree. In fact, standard results in complex analysis imply that a smooth quasi-projective connected curve over C is a locally symmetric variety (in the above sense) if and only if it is (Kobayashi) hyperbolic (in the sense of [Kob98, Chapter 3.2]).
If X is a variety over k, then X is a locally symmetric variety over k if there exists a subfield k 0 ⊂ k, an embedding k 0 → C, a variety X 0 over k 0 , and an isomorphism of k-schemes X 0,k ∼ = X such that X 0,C is a locally symmetric variety over C (as defined above).
Theorem 6.1. Let k ⊂ L be an extension of algebraically closed fields. If X is a locally symmetric variety over k, then X L is geometrically hyperbolic over L and weakly bounded over L.
First proof of Theorem 6.1. We may and do assume that k = L. Then, since X admits a quasifinite complex period map, the corollary follows Proposition 5.4.
Second proof of Theorem 6.1. We may and do assume that k = L = C (use for instance Lemma 2.4). By Nadel's theorem, there is a finiteétale cover Y → X (obtained by adding level structure) such that Y has a Brody hyperbolic projective compactification Y * . Since Brody hyperbolic projective varieties are geometrically hyperbolic (Example 2.2), we see that Y is geometrically hyperbolic. Therefore, as geometric hyperbolicity descends along finiteétale morphisms (cf. [JK, Proposition 5 .4]), we conclude that X itself is geometrically hyperbolic. Moreover, the projective Brody (hence Kobayashi) hyperbolic variety Y * is also bounded (by Arzela-Ascoli's theorem) as defined in [JK, §4] , and therefore (clearly) weakly bounded. In particular, Y is weakly bounded and therefore (as weakly boundedness also descends along finiteétale morphisms), we conclude that X is weakly bounded.
Theorem 6.2. Let k ⊂ L be an extension of algebraically closed fields and let X be a locally symmetric variety over k. Then X is arithmetically hyperbolic over k if and only if X L is arithmetically hyperbolic over L.
Proof. Since X admits a quasi-finite complex period map, the result follows from Theorem 1.4. Theorem 6.3. Let k ⊂ L be an extension of algebraically closed fields and let X be a locally symmetric variety over k. Let A ⊂ k be a finitely generated Z-algebra, and let X be a model for X over A. Assume that, for every finitely generated subring A ′ ⊂ k containing A, the set X (A ′ ) is not dense in X. Then, for any finitely generated subring B ⊂ L containing A, the set X (B) is not dense in X L .
Proof. We may and do assume that L is uncountable. Then, as X L is a quasi-projective weakly bounded and geometrically hyperbolic variety over L (by Theorem 6.1), the result follows from Theorem 3.7.
Remark 6.4. Examples of locally symmetric quasi-projective varieties are Shimura varieties (associated to a torsionfree congruence subgroup of Aut(D)). Therefore, the results in this section apply to Shimura varieties.
The moduli of smooth hypersurfaces
In this section we prove Theorem 1.1. Let d ≥ 3 be an integer, let n ≥ 2 be an integer, and let C d;n be the stack of smooth hypersurfaces in P n+1 of degree d, as defined in the introduction (above Theorem 1.3). The stack C d;n is a finite type separated Deligne-Mumford algebraic stack over Z with affine coarse space; see [Ben13, Ben14] . Moreover, by [JL17b] , the stack C d;n,Q is uniformisable, i.e., there is a smooth affine scheme U := U d,n over Q and a finiteétale morphism U → C d;n,Q . Now, if (d, n) = (3, 2) the natural period map on the smooth affine scheme U an C is injective on tangent spaces by a theorem of Griffiths [Fle86] (see also [Gri69] ), as smooth hypersurfaces of degree d in P n+1 satisfy the infinitesimal Torelli property (as (d, n) = (3, 2) ). This implies that the associated period map on U an C has finite fibres (see [JL17a, Thm. 2.8]).
Our first result says that, for k an algebraically closed field of characteristic zero, the stack C d;n,k is geometrically hyperbolic over k. That is, the moduli space of pointed maps from any given pointed variety into the stack is finite, i.e., such maps to C d;n,k are rigid and form a bounded moduli space.
Theorem 7.1. Let k be an algebraically closed field of characteristic zero, and let X be a smooth hypersurface of degree d in P n+1 k over k. Let Y be an integral variety over k and let y in Y (k). Then, the set of Y -isomorphism classes of smooth hypersurfaces X of degree d in P n+1 Y such that X y is isomorphic to X over k is finite.
Proof. By a standard "cyclic covering" argument, we may and do assume that (d, n) = (3, 2). Moreover, replacing k by a field extension if necessary, we may and do assume that k is uncountable. Let U be a smooth affine scheme over k such that there is a finiteétale morphism U → C d;n,k of stacks (see [JL17b] ). Since U admits a quasi-finite complex-analytic period map (up to conjugation) by Griffiths's theorem (see for instance [Fle86] ), it follows from Theorem 5.3 that U is geometrically hyperbolic over k. Now, by a standard descent argument (Remark 2.7), we deduce that the finite type separated Deligne-Mumford algebraic stack C d;n,k is geometrically hyperbolic over k. In particular, as k is uncountable, it follows from Remark 2.5 that, for every integral normal variety Y over k, every point y in Y (k), and every x in C d;n (k), the set of morphisms f : Y → C d;n,k with f (y) isomorphic to x is finite.
We now use the geometric hyperbolicity of the stack to show that its arithmetic hyperbolicity persists over field extensions. Concerning arithmetically hyperbolic stacks, we follow the conventions of [JL, §4] . Theorem 7.2. Let k be an algebraically closed field of characteristic zero. The stack C d;n,Q is arithmetically hyperbolic over Q if and only if C d;n,k is arithmetically hyperbolic over k.
Proof. To prove the theorem, we may and do assume that k is uncountable. Let U := U d,n → C d;n,Q be a finiteétale morphism with U a smooth affine scheme over Q (see [JL17b] ). Since C d;n,Q is arithmetically hyperbolic over Q (by assumption) and U → C d;n,Q is quasi-finite, it follows from [JL, Proposition 4.16] that U is arithmetically hyperbolic over Q. Since U admits a quasi-finite complexanalytic period map (as explained above), it follows from Theorem 5.3 that U k is geometrically hyperbolic over k. Thus, as U is arithmetically hyperbolic over Q and U k is geometrically hyperbolic over the uncountable field k, we conclude that U k is arithmetically hyperbolic over k (Corollary 2.12). Now, as U k → C d;n,k is finiteétale, it follows from the stacky Chevalley-Weil theorem [JL] that C d;n,k is arithmetically hyperbolic over k, as required.
Lemma 7.3. Let K be a number field and let S be a finite set of finite places of K. Then, for every finite type affine group scheme G over O K,S , the set of O K,S -isomorphism classes of G-torsors over O K,S is finite.
Proof. This is a consequence of finiteness results due to Borel-Serre [GMB13, Proposition 5.1] (or the original [BS64] ).
We now prove Theorem 1.1, i.e., we show that the Shafarevich conjecture for hypersurfaces over number fields as stated in [JL17a, Conjecture 1.4] implies a finiteness result for hypersurfaces over finitely generated fields of characteristic zero.
Proof of Theorem 1.1. The assumption is that, for every number field K and every finite set S of finite places of K, the set of O K,S -isomorphism classes of smooth hypersurfaces of degree d in P n+1 O K,S is finite. Now, an object of the groupoid C d;n (O K,S ) is given by the data of a Brauer-Severi scheme P over O K,S and a smooth hypersurface of degree d in P . Therefore, by [JL17a, Lemma 4.8] and the finiteness of O K,S -isomorphism classes of (n + 1)-dimensional Brauer-Severi schemes over O K,S (which follows from Lemma 7.3), the assumption (in the statement of the theorem) implies that C d;n,Q is arithmetically hyperbolic over Q. Now, let A be a Z-finitely generated normal integral domain of characteristic zero with fraction field K. Let k := K be an algebraic closure of K and note that C d;n,k is arithmetically hyperbolic over k by Theorem 7.2. Therefore, since A is normal and C d;n is a finite type separated Deligne-Mumford algebraic stack over Z, we conclude that the set of isomorphism classes of objects of C d;n (A) is finite from the twisting lemma [JL, §4.3]; here we use that A is integrally closed in its fraction field. In particular, the set of A-isomorphism classes of smooth hypersurfaces of degree d in P n+1 A is finite. This concludes the proof.
Non-density of integral points on the Hilbert scheme
In this section we prove Theorem 1.7 by using that the stack of smooth hypersurfaces is weakly bounded and geometrically hyperbolic.
Recall that Hilb d,n denotes the Hilbert scheme of smooth hypersurfaces of degree d in P n+1 over Z, and that this is a smooth affine scheme over Z. As before, we write C d;n = [PGL n+2 \Hilb d,n ] for the stack of smooth hypersurfaces of degree d in P n+1 . In our proof of Theorem 1.7 we will have to relate the non-density of integral points on the Hilbert scheme to the non-density of integral points on the stack. To do so, we will use Lemma 7.3.
Lemma 8.1. Assume that, for every number field K and finite set of finite places S of K, the set Hilb d,n (O K,S ) is not dense in Hilb d,n . Then, for every number field K and finite set of finite places S of K, the set of isomorphism classes of objects of C d;n (O K,S ) is not dense in C d;n .
Proof. Let K be a number field and let S be a finite set of finite places of K. Suppose that C d;n (O K,S ) is dense in C d;n . Note that the set of O K,S -isomorphism classes of PGL n+2 -torsors over O K,S is finite. Let r ≥ 1 be an integer, and let T 1 , . . . , T r be representatives for all the PGL n+2 -torsors over O K,S , up to O K,S -isomorphism. Let L be a number field over K and let T be a finite set of finite places containing all the places of L lying over S such that, for every i = 1, . . . , r, the PGL n+2 -torsor T i is trivial over O L,T . For every x in C d;n (O K,S ), the fibre of the torsor Hilb d,n → C d;n over x has a dense set of O L,T -points. This implies that the set of O L,T -points Hilb d,n (O L,T ) of Hilb d,n is dense.
Lemma 8.2 (Non-densityà la Chevalley-Weil). Let X → Y be a finiteétale morphism of varieties over k. Assume that, for every Z-finitely generated subring A ⊂ k and every (finite type separated) model X for X over A, the set X (A) is not dense. Then, for every Z-finitely generated subring A ⊂ k and every model Y for Y over A, the set Y(A) is not dense in Y .
Proof. Use the descent argument used to prove Lemma 8.1 and the following well-known extension of Hermite's finiteness theorem: if D ≥ 1 is an integer and A is a Z-finitely generated normal integral domain of characteristic zero, then the set of A-isomorphism classes of finiteétale morphisms B → Spec A of degree at most d is finite [HH09] .
We now prove that non-density on the Hilbert scheme persists from number fields to finitely generated fields. is surjective, we conclude that, for every number field K and every finite set of finite places S of K, the set U (O K,S ) is not dense in U . Note that U C is a smooth affine scheme over C which admits a quasi-finite period map (Section 7). Therefore, it follows from Theorem 1.8 that the non-density of integral points on U persists over finitely generated fields, i.e., for every Z-finitely generated integral domain A of characteristic zero, the set U (A) is not dense in U . Let . Since H ′ → U is surjective, it follows that, for every Z-finitely generated integral domain A of characteristic zero, the set H ′ (A) is not dense in H ′ . Therefore, by Lemma 8.2, as H ′ → Hilb d,n,Z[1/D] is finiteétale, we conclude that, for every Z-finitely generated integral domain A of characteristic zero, the set Hilb d,n (A) is not dense, as required.
Remark 8.3. The interested reader might wonder whether arguing on the stack (or on U ) is strictly necessary and whether one could simply argue only on the Hilbert scheme in the proof of Theorem 1.7. The problem is that the Hilbert scheme Hilb d,n,C (over the complex numbers) does not admit a quasi-finite period map, is not geometrically hyperbolic, and is not weakly bounded. Thus, to use our results on varieties with a quasi-finite period map one is forced (in our proof of Theorem 1.7) to argue directly on the stack of smooth hypersurfaces (or its finiteétale atlas U ).
